Magnetoelectric properties of a molecular crystal formed by dysprosium triangular clusters are investigated. The effective spin-electric Hamiltonian is derived on the base of developed quantum mechanical model of the cluster spin structure. The magnetoelectric contribution to the free energy of the crystal is calculated. The analysis reveals several distinctive features of the magnetoelectric effect, which are not typical for conventional paramagnetic systems at low temperatures. The peculiarities are explained by the chirality of the dysprosium core of the molecules. From this point of view, materials with toroidal magnetic ordering is of considerable interest [3] [4] [5] . The gender element of such ordering is the toroidal (anapole) moment, which is the main term in the toroidal family of current (or spin) system's multipole expansion [6] . The simplest example of a system with toroidal moment is a toroidal solenoid. Toroidal moment T is a t-odd polar vector.
1. Studying the properties of materials with new types of electronic structure, such as topological insulators [1] , or new types of charge or spin ordering, for example magnetic monopoles in spin ice [2] , is a tradition of condensed matter physics.
From this point of view, materials with toroidal magnetic ordering is of considerable interest [3] [4] [5] . The gender element of such ordering is the toroidal (anapole) moment, which is the main term in the toroidal family of current (or spin) system's multipole expansion [6] . The simplest example of a system with toroidal moment is a toroidal solenoid. Toroidal moment T is a t-odd polar vector.
Several antiferromagnetic crystals with a toroidal type of magnetic ordering have already been found [7] [8] [9] . Such antiferromagnets reveal interesting magneto-optical and magnetoelectric properties. The presence of the toroidal moment provides a possibility of a magnetoelectric effect observation. According to the [4, 5] , induced polarization
Since recently, magnetoelectric and the related multiferroic materials have attracted considerable attention focused onto both improved fundamental understanding and novel desirable applications. Challenging and promising visions emerged, e.g. how to switch magnetism with bare electric fields and thus overcome the overheating bottleneck in microelectronic devices [10] [11] [12] .
In toroidal antiferromagnets, however, it is difficult to unambiguously separate effective quasi-isolated elements with toroidal moment the interaction between which would create toroidal moment of the substance. The toroidal moment in antiferromagnets is a collective property that is owed to the interspin exchange interaction.
Contrary to this, there is a molecular crystal consisting of Dy 3 metal-organic triangular molecular clusters [13] , which are characterized by toroidal moment [14, 15] . The cluster's distinctive feature is the zero magnetic moment of its ground state, despite the certain (clockwise or counterclockwise in the plane of the dysprosium triangle) arrangement of Dy 3+ ion spins. By the analogy with single molecular magnets (SMMs) we will call the Dy 3 clusters single molecular toroics (SMTs). Spin-electric effects in molecular antiferromagnets are recently reviewed in [16] .
The presence of the intrinsic toroidal ordering in the Dy 3 system owes several peculiarities of the magnetoelectric properties which are qualitatively different from those of traditional materials. The investigation of the peculiarities is the purpose of this work.
First (see Sec. 2), we consider the spin structure of a Dy 3 molecule and show in what way the toroidal moment of the molecule is formed. The toroidal state appears to be degenerate. But (see Sec. 3) there is a possibility of preparing the non-generated states with the non-zero toroidal moment by the means of an applied external magnetic field.
Sec. 4 deals with the spin-electric interactions in the Dy 3 molecule. The spin-electric Hamiltonian is derived in the Appendix to this section and the magneto-electric corrections to the energy levels of Dy 3 molecule is obtained.
Sec. 5 presents the main results of our study. The magnetoelectric contribution to the free energy of the Dy 3 crystal is calculated and the magnetoelectric effect (MEE) is described in detail. The isotherms and field dependencies of the electric polarization are obtained for different ranges of magnetic field and temperature. The similarities and differences of the MEE in the system under study and conventional paramagnets (for example, rare-earth ferroborates) are discussed.
We should note that the whole Dy 3 crystal can be treated as a coherent array of the Dy 3 SMTs due to weak intermolecular interaction [17, 18] . This leads to the fact that macroscopic response of the crystal reveals the quantum properties of the very single molecule at low enough temperatures. Therefore, the magnetoelectric effect in Dy 3 molecular crystal bears traits of a macroscopic quantum coherent (MQC) effect.
Finally, Sec. 6 brings forward the unique possibility of observing a "purely" quantum non-equilibrium linear magnetoelectric effect in the Dy 3 molecular system making the old Pierre Curie's idea of MEE in molecules come true.
2.
According to the experimental data [18, 19] , a molecular crystal formed by triangular metalorganic nanoclusters Dy 3 [13] is monoclinic with space group C2/c. One primitive cell contains eight Dy 3 molecules and is described by the parameters a = 32.917(2)Å, b = 18.0213(13)Å, c = 17.3693(13)Å, and β = 114.522 (1) • . The skeleton of each Dy 3 molecule is formed by three Dy 3+ ions, located in the apices of an equilateral triangle. The triangles are arranged in a regular way with the relative sides to be parallel. Similar to the SMMs, it is proved experimentally [13, 18] that the Dy 3 molecules are very weakly coupled, thus the crystal can be considered as "paramagnetic", which means that the crystal is the ensemble of non-interacting dysprosium triangles with strong inter-ion exchange. Because the magnetoelectric properties of the crystal are owed to the symmetry of the triangle, we consider the three-ion system in a Dy 3 molecule.
The ground state of a Dy 3+ ion, originating from multiplet 6 H 15/2 split in a crystal field, is a Kramers doublet that separated from other states with energy gap ∆ ∼ 200 cm −1 [17, 18] . In these works the wave functions of the ground doublet are found to be very close to pure states |M J = ±15/2 relative to the local axes of symmetry of each ion. Wave functions of the first excited doublet correspond to the states |M J = ±13/2 . The local easy axes (z i -axes, i = 1, 2, 3) lie on a plane of the dysprosium triangle at an angle of ϕ to the bisectors (see fig. 1 ). The most favorable configuration corresponds to ϕ = 90
• [17] . States of the Dy 3+ ion system in an external magnetic field under the approximation of the ground doublet are determined by Hamiltonian [17] 
where S = 1/2 is the effective spin of the ground doublet. The best fit parameters are the effective exchange con- stant j zz = 10.6 K and the effective gyromagnetic factor g z = 20.7 [18] . The eigenfunctions of the Hamiltonian in eq. (1) are the following vectors:
where "+" and "−" are the signs of vector J projection of i-th ion onto local z i -axis (i = 1, 2, 3). Functions Φ 4 , . . . , Φ 7 are Kramers-conjugate to the Φ 3 , . . . , Φ 0 relatively. The spin ordering of the Dy 3 nanocluster is characterized in terms of spin chirality [18] . It is clear that the spins in the states Φ i (i = 0, 1, 2, 3) and their conjugates Φ i (i = 4, 5, 6, 7) are inversely twisted, i.e. the states have the opposite chirality. The natural physical quantity associated with spin chirality in this case is the t-odd polar vector of toroidal moment, which corresponds to the first ; −2 sin ϕ +
term in toroidal multipole expansion of an arbitrary electric current distribution. It reads as
where j(r, t) is an electric current density [6] . In the case of the Dy 3 cluster, then we deal with localized magnetic moments, the expression can be transformed to
where r i is the radius-vector which connects the center of the triangle with i-th apex (see fig. 1 ).
The dimensionless values of the toroidal moment τ z = T Z /T 0 and the magnetic moment m = M/µ (with µ = Table I . The values of τ z and m for the conjugate states Φ i (i = 4, 5, 6, 7) are different in sign. Energy levels of Φ i -states are as follows:
3. In this section we consider in detail the ground state of molecular nanocluster Dy 3 as well as the possibility to induce the toroidal moment in it in an external magnetic field at different values of angle ϕ, which specifies the orientation of the local magnetization axes in respect of the laboratory OXY Z frame. Let the magnetic field of strength H be directed along a side of the dysprosium triangle, i.e. H = (0; H; 0). If the field is below the certain threshold value H c = H c (ϕ) then the ground state of the system is degenerate state (Φ 0 , Φ 7 ). Obviously, the expected value of the toroidal moment in this state equals to zero. On the contrary, in the field strong enough (H > H c ) the ground state is not degenerate given the local magnetization axes do not coincide with the triangle sides. In this case, the mean value of the toroidal moment differs from zero, see Table II . It is important to underline that this moment is induced by the magnetic field, therefore its sign can be changed by reversing the field direction. The field and angular dependencies of the Dy 3 toroidal moment in equilibrium are shown in fig. 2 . 
Thus, depending on the direction of a sufficiently strong external magnetic field it is possible to produce the states of the system with both zero and nonzero average toroidal moment.
4.
The toroidal moment is of high importance to reveal the spin-electric interactions in the dysprosium cluster and thus to give the description of the quantum MEE in the whole crystal. For this purpose, we consider electric field E perturbations and take into account non-Ising corrections in eq. (1). The electric field perturbation Hamiltonian of a Dy 3+ ion readŝ 
where index t is odd, Y tτ (θ, ϕ) are spherical functions, and a tτ are crystal field parameters. The simplest form of the crystal field operator V odd cr in eq. (3) corresponds to the first-order term t = 1. The environment of each Dy 3+ ion is of y → −y symmetry, thus the resulting inner electric field E 0 ∼ 10 7 V/cm effective for the ion by the other ions of the cluster is directed along the relevant bisector of the dysprosium triangle. In this case eq. (3) for the k-th ion can be expressed as
The linear on the strength of the applied electric field corrections to the ion energy levels arise in the secondorder perturbation theory with small parameter V /W , where V is the norm of theV -operator and W is the energy difference between ground states and the weight center of excited ion electronic configurations (typically W ∼ 10 5 cm −1 for rare-earth ions).
Making use of the wave function genealogical scheme construction and the quantum theory of angular momentum [20] we derive the expression for magnetoelectric operator of the Dy 3 complex. The ion electric dipole moment is induced by the magnetic field, which mixes the states of the ground doublet |M J = ±15/2 with the states of the higher doublet |M J = ±13/2 (the doublets are separated from each other by the energy ∆ ∼ 200 −1 ). Referring the reader to the Appendix for the details of calculations, we give here the final expressions for magnetoelectric corrections to the energy levels of the Dy 3 molecular cluster, which are bilinear on E and H:
where r f d = 0.038 nm is the value of the radial integral for the Dy 3+ ion [21, 22] . The numerical value of |A| is then estimated to be 3.7 · 10 −28 cm 3 , therefore given by eq. (6) corrections δE , 1, 2, 3 ). Generally speaking, there can exist another contribution to the cluster polarization through variation in the exchange interaction due to displacement of the ions caused by an external electric field. This electrostrictive mechanism is considered in [23, 24] by example of a spin triangle of antiferromagnetically coupled transitionmetal (TM) ions. Because the exchange interaction between rare-earth f -ions is weaker than that of TM dions by a factor of hundred, the electrostrictive doubleion mechanism is not effective in rare-earth clusters, while the above-considered single-ion mechanism plays the leading role in the case of rare-earth systems.
5. In this section we consider an equilibrium MEE in molecular crystal Dy 3 in detail. In order to do this, we write an expression for the magnetoelectric contribution to the free energy of the crystal
are given by eqs. (2) and (6) 
20 cm −3 . An external magnetic field induces the electric polarization in the crystal (α = x, y, z)
which depends on both magnitude and direction of the external magnetic field vector.
5.1. In the limiting case of high temperatures or, equivalently, small fields (µmH << kT ), for an arbitrary angle ϕ, the magnetoelectrical term of the free energy takes a quite simple form F me = 6AN · µ/kT 3 + e j/kT · (I 1 cos 2ϕ + I 2 sin 2ϕ), (8) where expressions
x H x H y stand for the magnetoelectric invariants of point groups D 3 and C 3 relatively. In the case ϕ = 90
• , eq. (8) contains only standard phenomenological magnetoelectric invariant I 1 of a triangle symmetry group (D 3 ). The same invariant determines the thoroughly investigated magnetoelectric properties of rare-earth ferroborates [25, 26] . The invariant results in the typical for the paramagnets polarization dependencies on the magnitude (P ∼ H 2 , see Fig. 3a ) and the orientation (see Fig. 3b ) of the magnetic field strength vector. However, we should point at the unusual for the conventional paramagnets non-monotonic polarization temperature dependence (see Fig. 3c ). The main difference is in the direct proportionality between the polarization and the cluster magnetization (not the quadratical as could be expected from the phenomenological analysis).
Obtained in experiment similar curves could be a valuable tool to determine the parameters of the system. Indeed, adjusting the direction of the magnetic field so that one of the polarization components vanishes (say, P y ∼ sin(2α−2ϕ)), one can easily find the position of the local ion magnetization axes defined by angle ϕ. Moreover, knowing the temperature T m at which the polarization maximum is reached, one can evaluate the exchange constant j from the transcendental equation j/kT m = 1 + 3e −j/kTm .
5.2.
In the case of strong magnetic fields at low temperatures the polarization behavior is different from that predicted by the phenomenological theory. Indeed, supposed that an external magnetic field is directed along the laboratory OX-axis coinciding with a bisector of the dysprosium triangle, the polarization vector is parallel to the field
If the magnetic field is directed along the laboratory OYaxis coinciding with a side of the dysprosium triangle, the components of the polarization changes, so that the polarization vector is perpendicular to the field
, P y = 0.
(10) Fig. 4a shows the isotherms P α = P α (H), with α = x, y, for the mentioned directions of the magnetic field, which reveals the linearity of the MEE at the strong enough fields. The orientational dependencies of polarization are also qualitatively different from conventional ones, see Fig. 4b .
Figs. 3 and 4 correspond to the most probable value ϕ = 90
• . However, the actual value of angle ϕ is to be specified. This can be done by measuring the polarization components at the fixed magnetic field and temperature. Fig. 5 shows the dependence of the components for a range of the ϕ values at the strong magnetic field.
5.3. In the weak magnetic field H < H c1 = j zz /2µH = 7.9 kOe regardless of its orientation the ground state of the system is the degenerate state (Φ 0 , Φ 7 ). Spin-electric interaction removes the degeneration, thus making the ground state of the Dy 3 complex be a doublet with energies [see eq. (6) 
To remind, T stands here for the toroidal moment, T z /T 0 = τ z , see Sec. 2. According to eq. (7), if the temperature tends to zero then the induced electric polarization is
which is consistent with the expression P ∼ [H × T], derived in [4, 5] on the base of space-time symmetry considerations. According to eqs. (9) and (10), there is a non-linear MEE in the case of weak magnetic fields but an experimental observation of the effect seems to be difficult due to small interlevel energies δE me ∼ 10 −3 cm −1 . Indeed, the value ∂P/∂H is less than 10 −12 − 10 −11 if H < 5 kOe and T ∼ 1 K.
On the contrary, if the field exceeds the threshold value H c2 = j zz / √ 3µH = 9.1 kOe then the ground state is one of the nondegenerate states Φ 1 ...Φ 7 also independently on the field orientation, except the fields of the levels crossings. In this case, the MEE is observable in experiment. As it follows from Eqs. (9) and (10), induced polarization P = aH, a ∼ 10 −7 − 10 −6 dependent on the external magnetic field orientation. see Fig. 6 . As for the intermediary region H c1 < H < H c2 , the ground state can be both degenerate (Φ 0 , Φ 7 ) and nondegenerate Φ n (n = 1...7) dependent on the field orientation. This results in the surges of the polarization, see Fig. 7 .
6. The quantum properties of matter at low temperatures are always of special interest. It is remarkable that the peculiar quantum properties of dysprosium molecular clusters can occur in the macroscopic MEE, because they are very weakly coupled, which means that the whole crystal can be treated as an ensemble of particles with zero magnetic moments but nonzero toroidal moments.
First of all, the fundamental possibility of a linear magnetoelectric effect induced by an electric current in the fields H < H c is worthy of being noted. Indeed, the ground state of a molecule is degenerate unless the magnetic field H does not exceed the threshold value H c . This means zero expected value of the toroidal moment and no linear MEE. The external current j z removes the degeneration due to interaction with the toroidal moment (W int = 4π c jT) producing a state with non-zero toroidal moment and thus resulting in linear MEE. Not only the mentioned current effect but also quantum dynamical effects are interesting in the context of magnetoelectricity. The slow quantum dynamics of the toroidal moment in SMTs [27] gives an intriguing possibility to observe non-equilibrium quantum MEE in a crystal of Ising-type rare-earth clusters, when the ground state is the doublet of states with energies (we imply ϕ = π 2 ) E = ±(3/4)j zz (∆/j zz )
3 [27] , where ∆ is the gap between the energy levels. The wave functions of the states in the doublet are very close to |ψ ± = (|τ z = +3 ±|τ z = −3 )/ √ 2. In Dy 3+ Kramers ions the splitting can be produced with an external magnetic field applied perpendicular to the plane of the ion triangle, ∆ ∼ g y H, where g y ∼ 0.1 according to the measurements of the magnetization field dependencies at T = 1.9 K [18] . Thus, the splitting ∆ is estimated to be 0.05 cm −1 in a 1-T magnetic field.
Making use of crossed electric and magnetic fields (or just an electric current) it is possible to prepare the state close to the state characterized by τ z = +3. In this case, there are oscillations of probability p(t) of finding the system in the state |τ z = −3 after time t [27] , so that the expected value of the toroidal moment depends on time τ z (t) = 3 − 6p(t), where p(t) = | ψ − |ψ t | 2 with |ψ t = exp − i Ht |ψ + .
According to eq. (11), there exists magnetoelectricity in the toroidal states P = 3(AN/T 0 )[H × T], therefore the oscillations of τ z (t) result in the oscillations of the electric polarization P (t) = 3AN (1 − 2p(t))H. Note, that the polarization P is necessarily perpendicular to the field H. The frequency of these oscillations is ν = ν 0 (∆/j zz )
3
[27] with ν 0 = 48 GHz and can effectively be controlled for the dysprosium based system by the transversal magnetic field through the value of induced splitting ∆. Given ∆ ∼ 0.05 cm −1 , the period of the oscillations is estimated to be 70 µs. Obtained from the experiment [18] relaxation time τ ∼ 1 ms is large enough to observe at least a few oscillations of the polarization. 7. In conclusion, the present analysis reveals that chirality of a triangular antiferromagnetic rare-earth nanocluster with Ising-like magnetic anisotropy leads to occurrence of the toroidal moment that allows specific spinelectric interactions and quantum magnetoelectric effect. The resulting quantum structure of the nanocluster is rather rich and versatile for manipulating by external electric and magnetic fields or just by current. Although we have considered mainly the specific rare-earth molecular crystal, based on the Dy 3 nanoclusters, many results can be applicable to other Ising-like nanoclusters, e.g. Tb 3 , Ho 3 etc. The rare-earth metal-organic crystals might be the best candidates to observe the macroscopic quantum MEE and other peculiar spin-electric effects owing to the cluster toroidal ground state with long relaxation time. This empowers observation of the quantum linear MEE in a crystal due to the MEE in a single molecule, thus making the old Pierre Curie's idea of MEE in molecules come true.
Here |g are the dysprosium ion states of the ground l N configuration in a magnetic field (l = 3 is the orbital quantum number of rare-earth ions and N = 9 is the number of electrons in 4f -shell of the Dy 3+ ion), |e l are the states from the excited l N −1 l configuration with l = l ± 1, and W l is the energy difference between |e l and |g states. The splitting of the l N −1 l configuration levels is neglected. The configuration with l = l − 1 = 2 (W l−1 ∼ 10 5 cm −1 ) is closer to the ground levels than the configuration with l = l + 1 = 4.
The interaction operator of the ion dipole moment with an external electric field in Eq. (3) can be written in terms of irreducible tensor operators d 1µ (µ = 0, ±1)
, and E 0 = E z . For the wave functions |g and |e l construction we use the genealogical scheme, in particular |g = a M |JM , where J and M are the quantum numbers of the ground multiplet of the ion, a M are the numerical coefficients given by the following equations
where C Rr νµtτ and G SL S1L1 stand for the Clebsch-Gordan and genealogical coefficients respectively, and L 1 , S 1 , M L1 , M S1 are the quantum numbers of the initial therm.
The known [20] 
where
The matrix elements g|T kq |e l of irreducible tensor operator T kq = i t kq (i) read
where lm l |t kq | l m l = C lm l l m l kq l||t kq ||l √ 2l+1
, l||t kq ||l is the reduced matrix element. Substituting eq. (15) into Eq (14) we obtain
2 · l||r 1 ||l l ||r t Y t ||l (2l + 1)(2l + 1) .
According to [20] , the reduced matrix elements in Eq. (16) 
l0t0 , where (r t ) ll = l|r t |l are the radial integrals.
Summing up of the first three factors in Eq. (16) over ν, q, and m l results in (see [20] ) 
where t 1 n l l l are the 6j-symbols with even indexes n. 
The effective magnetoelectric operator of the dysprosium complex can be obtained if one sums up the contributions given by eq. (18) over all three dysprosium ions,
where the index k = 1, 2, 3 refers to Dy 3+ ions, β = x, y, z, In order to avoid analysis of excessively bulky expressions we consider the simplest form of the crystal field operator V odd cr , see eq. (5), and write the coordinates of the local axes explicitly e x1 = (sin ϕ, − cos ϕ, 0), e y1 = (0, 0, −1), e z1 = (cos ϕ, sin ϕ, 0), e x2 = cos ϕ +
